Abstract. We show that if A is an abelian variety defined over a number field K then Ators(K ab ) is finite iff A has no abelian subvariety with complex multiplication over K. We apply this to give another proof for Ribet's result that Ators(K cycl ) is finite.
Introduction
For a field K let K denote the algebraic closure of K, K ab the maximal abelian extension of K and K cycl the field obtained by adjoining all roots of unity to K. Then K ⊆ K cycl ⊆ K ab ⊆ K. Let A be an abelian variety defined over a number field K and let A tors denote the torsion subgroup of A. The Mordell-Weil theorem shows that A tors (K) is finite. Ribet [R] has shown that A tors (K cycl ) is finite. Our aim is to prove the following theorem:
Theorem. Let A be an abelian variety defined over a number field K such that A is K-simple. Then A tors (K ab ) is infinite if and only if A has complex multiplication over K. In this case A tors (K) = A tors (K ab ).
We say that an abelian variety A has complex multiplication over K if End K (A)⊗ Z Q is a number field of degree 2 dim A over Q. An easy consequence of the theorem is the following corollary: Corollary 1. Let A be an abelian variety defined over a number field K. Then A tors (K ab ) is finite if and only if A has no abelian subvariety with complex multiplication over K.
From the theorem we will also deduce another proof of Ribet's result:
Corollary 2. Let A be an abelian variety defined over a number field K. Then
The proof of the theorem makes essential use Faltings' finiteness theorems for abelian varieties over number fields.
Preparations
Our first lemma is purely algebraic. Lemma 1. Let V be a finite dimensional vector space over a field k. Let R, S ⊆ End k (V ) be k-subalgebras. Let U ⊆ V be a k-subspace such that U = 0. We make the following assumptions:
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• R is a semisimple k-algebra.
• V is a free R-module.
• V is a semisimple S-module.
• R = End S (V ), i.e. R is the commutant of S in End k (V ).
• RU ⊆ U and SU ⊆ U .
• The image of the (natural) ring homomorphism S → End k (U ) is commutative. Then there is a ring homomorphism R → k (where k is the algebraic closure of k) and
Proof. We first prove the lemma in the case that R is a simple k-algebra. As V is a semisimple S-module there is a k-subspace W ⊆ V such that SW ⊆ W and V = U ⊕ W . Define α ∈ End k (V ) by α| U = 0 U and α| W = 1 W . Then α commutes with all elements of S and therefore α ∈ R. As U is R-invariant we get by restriction a ring homomorphism R ϕ − → End k (U ). As R is simple and ϕ(α) = 0 we get α = 0 and therefore W = 0 such that U = V . This shows that S itself is commutative. As R = End S (V ) we get S ⊆ R. As R is simple, S is the commutant of R in End k (V ) (by the density theorem [B, p.39] ) and the formula in [B, Théorème 2, p.112] 
This shows dim k R = dim k S = dim k V and S = R. Then R is commutative and therefore a field. As R ⊆ End k (V ) clearly R is algebraic over k such that we have an embedding R → k. This proves the lemma in case R is a simple k-algebra. Now we consider the general case. As R is a semisimple k-algebra there are idempotents ε 1 , . . . , ε r ∈ R such that ε
and therefore
As S commutes with R we see by the above expression for
It is easy to see that
As V is a semisimple S-module, V i is a semisimple S-module and therefore a semisimple
It is clear that the image of the induced ring homomorphism
is also commutative. As U = U 1 ⊕ · · · ⊕ U r and U = 0 there is an index i such that U i = 0. Now we can apply the first part of the proof and get dim k R i = dim k V i and a ring homomorphism R i → k which gives by the above formulas dim k R = dim k V and a ring homomorphism R → R i → k.
We prove the following lemma for lack of a reference.
Every element of N Λ is a linear combination of α i e j so that we find n ij ∈ Z with
n ij α i e j which implies N m ij = pn ij . As p is by assumption prime to N we can write m ij = pm ij withm ij ∈ Z and therefore
Comparing dimensions over Z/(p) shows that we have equality which proves the claim and the first part of the lemma.
2. Now we investigate T p (A). Definẽ
Suppose that we haveβ j ∈ D ⊗ Q p such that
Then there arem ij ∈ Q p such that
By multiplication with a p-power we can achieve that allm ij ∈ Z p and that not all m ij are divisible by p. We have now
Take ℓ ∈ N with p ℓ > N and choose m ij ∈ Z with m ij ≡m ij mod p ℓ . Then
Therefore we find n ij ∈ Z with
This implies N m ij = p ℓ n ij and with p ℓ > N we get m ij ≡ 0 mod p, contradicting our assumption. Therefore
Comparing dimensions over Q p gives equality and the claim follows. This proves the second part of the lemma.
Lemma 3. Let D be a noncommutative division algebra of finite dimension over Q and O an order in D. Then:
1. There is no ring homomorphism D ⊗ Q Q p → k where k is a field (p is arbitrary).
If p is sufficiently large there is no ring homomorphism O⊗
and as D is a division algebra an embedding D ֒→ k, which contracts the assumption that D is noncommutative. 2. Let a ⊆ O be the ideal generated by all elements of the form xy − yx, x, y ∈ O.
As O is noncommutative we have a = 0 and a has finite index in O, i.e. there is a N ∈ Z, N ≥ 1 such that N O ⊆ a. Suppose that we have a ring homomorphism O ⊗ Z/(p) → k where k is a field. Then k has characteristic p.
so that p|N . This shows that for all p with p > N the claim is true.
Proof of the Theorem
Let A be an abelian variety defined over a number field K which is K-simple, i.e. End K (A) ⊗ Z Q is a finite dimensional division algebra over Q. Assume first that A tors (K ab ) is infinite. There are two possible cases:
• There are infinitely many p such that
We consider the cases separately and deduce in each case that A has complex multiplication over K.
Case I: We assume that there are infinitely many p with
We take p large enough such that R can be considered as a k-subalgebra of End k (V ), that V is a free R-module of rank 2n d by Lemma 2 and furthermore that R is a semisimple k-algebra. Let G be the image of
Taking again p large enough we know by [F, Remarks at the beginning of the proof, p.211] that V is a semisimple S-module and R = End S (V ). Define U = A[p](K ab ). Then U is R-and S-invariant and the image of S → End k (U ) is commutative. By our assumption there are infinitely many (large enough in the above sense) p with U = 0. By Lemma 1 we get dim k R = dim k V , i.e. d = 2n and a ring homomorphism End K (A) ⊗ F p → F p for infinitely many p. By Lemma 3 this implies that End K (A) is commutative and therefore a field. This means that A has complex multiplication over K. [F, Theorem 1, p.211] we know that V is a semisimple S-module and R is the commutant of S in End k (V ). T p (A) consists of sequences (P ℓ ) such that P ℓ ∈ A[p ℓ ] and p · P ℓ+1 = P ℓ . Define
and U = Q p U ′ . Then U is a Q p -vector space and RU ⊆ U , SU ⊆ U and the image of S → End Qp (U ) is abelian. It is easy to see that our assumption implies that U = 0. Lemma 1 gives now dim k R = dim k V , i.e. d = 2n, and a ring homomorphism End K (A) ⊗ Q p → Q p . By Lemma 3 End K (A) ⊗ Q is a field. This means that A has complex multiplication over K.
Suppose now that A has complex multiplication over K, i.e. F = End K (A)⊗ Z Q is a number field of degree 2 dim A over Q. Let p be any prime. By Lemma 2
As G is compatible with endomorphisms G is determined by its operation on v so that we get an injection
As this holds for all primes we get A tors (K) = A tors (K ab ) as claimed in the theorem.
Proof of Corollary 1
Let A be an abelian variety defined over a number field K. If A has an abelian subvariety B with complex multiplication over K then A tors (K ab ) ⊇ B tors (K ab ) which is infinite by the theorem. Suppose now that A tors (K ab ) is infinite. A is K-isogenous to a product A 1 × · · · × A r of abelian varieties which are defined over K and K-simple. Then there is index i such that (A i ) tors (K ab ) is infinite. Therefore A i has complex multiplication over K by the theorem. The image of the map A i → A 1 × · · · × A r → A is then an abelian subvariety of A which has complex multiplication over K. This proves Corollary 1.
Proof of Corollary 2
Let A be an abelian variety defined over a number field K. We want to show that A tors (K cycl ) is finite. As A is isogenous to a product of K-simple abelian varieties we can restrict us to the case that A is K-simple, i.e. End K (A) ⊗ Z Q is a finite dimensional division algebra over Q. If A has no complex multiplication over K then A tors (K ab ) is finite (by our theorem) and so is A tors (K cycl ) ⊆ A tors (K cycl ). Therefore it remains to consider the case that A has complex multiplication over K. If necessary we can enlarge the field K or change to a K-isogenous abelian variety.
As the argument is very explicit for elliptic curves we start with them. For abelian varieties we can argue in a similar way by using a theorem of Shimura.
5.1. Elliptic curves. Let E be an elliptic curve defined over a number field K such that End This implies j ∈ R. We have Q(j, √ d) ⊆ K. Let K + be the real subfield of K. Then j ∈ K + and E is defined over K + . But as √ d ∈ K + we get End K+ (E) = Z and therefore E tors (K ab + ) is finite by our theorem. As
(where ζ ℓ = e 2πi/ℓ ) which shows that E tors (K cycl ) is finite.
5.2. Abelian varieties. Let A be a K-simple abelian variety with complex multiplication defined over a number field K, in particular dim Z End K (A) = 2 dim A. By enlarging K and using an isogenous abelian variety we can achieve the following situation according to a theorem of Shimura [L, p.142, Theorem 6 .1]: A is defined over a number field K which is Galois over Q; K + = K ∩ R has index 2 in K; the abelian variety A is already defined over K + and dim Z End K+ (A) < 2 dim A. This implies by our theorem that A tors (K 
